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N . L. Notational .
Operation Notation Description Domain/Range
analogy

Measures the rate and direction of change in a Scalar Maps scalar fields to vector
Gradient  grad(f) = Vf 9 P

scalar field. multiplication fields.

Measures the scalar of a source or sink at a given Maps vector fields to scalar

Divergence div(F)=V.F Dot product
g (F) point in a vector field. P fields.

Measures the tendency to rotate about a point in Maps vector fields to
Cross product

Curl  curl(F) =V xF 3 -
a vector field in R”. (pseudo)vector fields.
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As shown in Fig. 3.21b, the resultant group velocity is not a constant within
the first Brillouin zone. Rather, it oscillates from zero to a maximum, then going
through a minimum and back up to maximum again. Since the zone boundaries
+7t/d are equivalent using the periodicity of k-space, the zero velocity at the zone
boundaries corresponds to the standing wave nature of the electron waves due to
Bragg reflections. Furthermore,

This velocity oscillation is equivalent to a mass change at critical points in k-
space shown in Fig. 3.21c. The electron mass has a constant positive value near
the zone center but becomes negative on the zone boundary. One unusual property
of the effective mass is that at wave vectors corresponding to the maximum and
minimum velocities, the effective mass goes to infinite. This marks the point where
a deceleration must begin to slow down the electron. The other peculiar property is
that the effective mass has regions in which it is negative. A negative m* means that
the acceleration resulting from the externally applied electric field is in a direction

opposite to that of the applied field; this is the effect of electron reflecti e

periodic crystal lattice.
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The absorption that occurs in the material when the material is supplied with photonic energy

less than the bandgap energy may go into creating excitons.
These excitons can have various binding energies which depend on n.

In reference to Image 1, I take the n = 1 absorption line. Such an exciton will have binding
energy equal to E ex 1. When I supply the material with a photon of energy equal to hw = Eg —
E ex 1, the material will absorb this photon and this energy will go into creating an exciton

that has a quantum number n = 1.

As we increase the energy that we supply to the material in the form of photonic energy we can
force the material to form excitons with n = 2 (using photon energy ofhw =Eg—Eex2),n =

3 (using photon energy of hw = Eg — E ex 3 ) and so on (Image

Overall, when you supply specific photonic energies less than the bandgap, you get

characteristic abs n in the material at specific energies corresponding to exciton

formation. When you supply energy equal to or greater than the bandgap energy you get

interband absorption, with electron transfer occurring directly from the valence band to the
duction band, no excitons form at these energies.

I have consulted a book by Mark Fox on Optical Properties of Solids, and it states:

" The absorption of a photon by an inter-band transition in a semiconductor or insulator creates
an electron in the conduction band and hole in the valence band. The oppositely charged particles
are created at the same point in space and can attract each other through their mutual Coulomb
interaction... Moreover, if the conditions are satisfied, a bound electron-hole pair can be formed.

This neutral bond pair is called an exciton.”

My understanding is - We first need to supply E > Eg for excitons to form. Once excitons exist in a
material, they facilitate the absorption of photons with E < Eg, specifically at energies

corresponding to n=2, n=3 etc. If the material has not been initially supplied with photons of E >
Eg, with the material containing no excitons then why do we see an additional absorption response
(red lines in figure below) apart from the alpha ~ sqrt(Eg) response we normally observe? I'm

confused because I saw spectra such as one below, I don't expect to see absorption below the band

gap - we aren't supplying Eg for excitons to form.

I thought that the idea of a spectra is that you provide photons energy from o eV to final energy
value greater than Eg, starting from low energy and sweep into higher energies.

The e-h pair that is created can be either free, or bound. If the bound state is formed, you don't need to
create a free pair and have it become bound, it just directly forms the bound state. — Jon Custer Oct 13

0 at 2

Once a bound state e-h pair is formed (I understand that group velocity of electron and hole needs to be
the same) then if you again supply energy to this exciton then it would break apart? I read that the
position Eg corresponds to where the bound exciton has been ionized to a free e-h pair, and from the
graph *~ it would seem that this is correct - the excitons are gone after you supply Eg to them. To me this
seems strange that supplying a bound exciton with what seems like an arbitrary energy (Eg) to form the
free e-h. Would the exciton not dissociate when binding energy is provided? — Aleksejus Pacalovas

3 21:43

Does an absorption spectra at energies of peaks (n = 2, n = 3, ie lower than bandgap energy) simply
indicate the formation of bound states ( and hence absorption of photons) or do you need to supply E =
Eg for bound states to form? — Aleksejus Pacalovas at 21:43

You can directly form the bound state supplying the appropriate energy that is less than the band gap.
—Jon Custer Oct 13 0 at 21:57

Ok, would I be correct in saying that a bound exciton therefore would exist under the conduction band
edge (since we provide the appropriate energy less than the band gap), while on the other hand a free
exciton pair would have a hole in the valence band and an electron in the conduction band?

— Aleksejus Pacalovas O 3,2 8

The pair of electron in the CB and a hole in the VB is not bound - there is no binding energy
together. By definition, a bound exciton has an energy below the band gap. — Jon Custer ¢
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To give a physical interpretation of the state |k> we note the following:

1. Since [k} is a superposition of states in each of which the total spin is diminished
from its saturation value N'S by one unit, the total spin in the state [k) itself has
the value NS — 1.

The probability of the Jowered spin being found at a particular site R in the state
[k) is [(k[RY|* = 1/N; ie., the lowered spin is distributed with equal probability
among all the magnetic ions,

We define the transverse spin correlation function in the state [k) to be the
expectation value of

S,(R)* S,(R") = S(R)S(R’) + S(R)S(R’). (33.26)
A straightforward evaluation (Problem 4) gives

(K|S, (R)- S, (R)k> = %S cos[k-(R—-R)], R#R. (3327

!




Thus on the average each spin has a small transverse component, perpendicular to
the direction of magnetization, of size (2S/N)''?; the orientations of the transverse
components of two spins separated by R — R’ differ by an angle k- (R — R’).

The microscopic magnetization in the state |k suggested by these facts is pictured
in Figure 33.7. One describes the state [k) as a state containing a spin wave (or
“magnon”) of wave vector k and energy &(k) (Eq. (33.25)).

RN

TPTF77TTET

Figure 33.7
Schematic representations of the orientations in a row of spins in (2) the ferromagnetic
ground state and (b) a spin wave state.




5.1 Ferromagnetism

A Ferromagnef has a spontaneous magnetization even in the absence of an
applied field. All the magnetic moments lie along a single unique direction.!
This effect is generally due to exchange interactions which were described in
the previous chapter. For a ferromagnet in an applied magnetic field B, the
appropriate Hamiltonian to solve is

H=-) )ijSi-Sj+gusy S B, (5.1)
ij Jj

and the exchange constants for nearest neighbours will be positive in this case,
to ensure ferromagnetic alignment. The first term on the right is the Heisenberg
exchange energy (see eqn 4.7). The second term on the right is the Zeeman
energy (see eqn 1.35). To keep things simple to begin with, let us assume? that
we are dealing with a system in which there is no orbital angular momentum,
sothat L =0and J = §.

5.1.1 The Weiss model of a ferromagnet

To make progress with solving eqn 5.1 it is necessary to make an approxima-
tion. We define an effective molecular field at the i¥ site by

2
Bus=—— Y Ji;S;. (5.2)
™= T gus ZJ: v

being present. Notice that the alignment of these magnetic moments gives rise
to the internal molecular field that causes the alignment in the first place, so
that this is something of a ‘chicken-and-egg’ scenario. At low temperature
the magnetic order is self-sustaining. As the temperature is raised, thermal
fluctuations begin to progressively destroy the magnetization and at a critical
temperature the order will be destroyed. This model is known as the Weiss
of ferromagnetism.
To find solutions to this model, it is necessary to solve simultaneously the
equations
L ) (56)
M sy .
(see eqn 2.38) and
_ gsusJ (B +AM) G.7)
y= kg T :
(see eqn 2.37). Without the AM term due to the molecular field, this would be
identical to our treatment of a paramagnet in Section 2.4.3.

These equations can be solved graphically. First, we restrict our attention
to the case of B = 0, so that M = kgTy/g;upJA. Hence the straight
line produced by plotting M against y has a gradient which is proportional
to temperature 7' as illustrated in Fig. 5.2. For high temperature, there is no
simultaneous solution of eqns 5.6 and 5.7 except at the origin where y = 0
and My = 0. This situation changes when the gradient of the line is less
than that of the Brillonin function at the origin. At low temperatures there
are then three solutions, one at M; = 0 and another two for M, at £+ some
non-zero value. It turns out that when the curve is less steep than the Brillouin
function at the origin, the non-zero solutions are stable and the zero-solution
is unstable. (If the system has Ms = O for T < T, any fluctuation, no matter
how small, will cause the system to turn into either one of the two stable
states.) Thus below a certain temperature, non-zero magnetization occurs and
this grows as the material is cooled. The substance thus becomes magnetized,
even in the absence of an external field. This spontaneous magnetization is
the characteristic of ferromagnetism.

The temperature at which the transition occurs can be obtained by finding
when the gradients of the line M = kgTy/g;upJAM;s and the curve M =
MB(y) are equal at the origin. For small y, B;(y) = (J + 1)y/3J + 0@G?).

Now focus on the i spin. Its energy is due to a Zeeman part gupS; - B and
an exchange part. The total exchange interaction between the i™ spin and its
neighbours is -2 3 J Ji jSi - S;, where the factor of 2 is because of the double
counting.® This term can be written as

-2S; - Z-’ijsj = —gupS; - Bys. (5.3)
J

Hence the exchange interaction is replaced by an effective molecular field B¢
produced by the neighbouring spins. The effective Hamiltonian can now be
written as N
A =gup ) Si-(B+Bup) 54
1

which now looks like the Hamiltonian for a paramagnet in a magnetic field
B + Bp¢. The assumption underpinning this approach is that all magnetic
ions experience the same molecular field. This may be rather questionable,
particularly at temperatures close to a magnetic phase transition, as will be
discussed in the following chapter. For a ferromagnet the molecular field
will act so as to align neighbouring magnetic moments. This is because the
dominant exchange interactions are positive. (For an antiferromagnet, they will
be negative.)
Since the molecular field measures the effect of the ordering of the system,
one can assume that
B =AM (5.5)

where A is a constant which parametrizes the strength of the molecular field
as a function of the magnetization. For a ferromagnet, A > 0. Because of the
large Coulomb energy involved in the exchange interaction, the molecular field
is often found to be extremely large in ferromagnets.

We are now able to treat this problem as if the system were a simple para-
magnet placed in a magnetic field B + Byy. At low temperature, the moments
can be aligned by the internal molecular field, even without any applied field

The transition temperature, known as the Curie temperature Tc, is then defined
by

_ giuB( + DAM, _ niudy

T =
¢ 3ks 3kp

(5.8)
The molecular field Bms = AM; is thus 3kgTc/gsup(J + 1) and so for a
ferromagnet with J = } and Tc ~ 10° K, B¢ = ksTc/pp ~1500 T. This is

an enormous effective magnetic field and reflects the strength of the exchange
interaction.

J=1/2
1




5.1.2 Magnetic susceptibility

Applying a small B field at T > T¢ will lead to a small magnetization, so that
the y « 1 approximation for the Brillouin function can be used. Thus

M gjus(J +1) B+)~M)
M,  3ks ( T 69
so that

T (5.10)

M _Tc (B +AM )
My AM, ’
This can be rearranged to give

M 1 E . IcB
AM;

M T

that
” = lim poM S L.
X= 2% "B T —Tc

which is known as the Curie Weiss law.




K&'IBTanoe, doer Yo Zenn ob )(e)MP &wmu,, aJM( YY\aﬂnd’“lo &\d& is m;end
om_the madeio: | T ts wned dishi nquisnes & superenducksr fom sy, o

{SV‘_XM ﬂ‘@f:f\mﬂ\ﬁ \d’ﬂ"ol-j;?’\ez oonplw:\’ﬁ o T=0¢

When o maf@iak dees from beng o wormal asdolor | prdudor o being
a wmmmw) W ementiol w,\d\cnﬁoex 0 Phose Avamgiiion: Cosequonly
fhene 16 am “ovden P’ amosedeh with e supercordudive. stole-

Q’T ’ﬁmrmod wm\u\'or
\ﬁ Bpencondw sy
j —7

1 "rc -r
Twis Gvite vesishivity {6 due o tpwrities in e Wftice , and wil)
%6 fo zow o8 e woaderial approadna o perfe ondudor-landa
Stokes Thvte/,\/\owe)ven (L2 &&&'Hw (19 ?eh&—ed' wnducdfer b B‘LPWWJW

Dekup for mesgunement
vE Beorease e Jomp ™ modnekic Sidd o o
etV pink of B<B b T, and oot off
e waneic fd. K comenl & duced
@ n h'le wﬂlw‘,\i&\ Wo\lJA ?m‘&\' &‘DY‘ o
ol swp poredly “fivite veried. f Fime
Y% he wokerd % raufm(,ovw\v-d‘ive/ NoW*

\l:——(g‘b _,,Lﬁg'l .\—1&—‘«0
& Q(\Vl% nagnetometo)

o 4
> T=TLe "

=0, T Sodtens o™



H‘ﬂ 242K
Pb T = tY
NN T \6K

() = 1o |- (1) ]

I§ of T=T', applied Sidd H0LT),
Wwe weny obsowe 5wfvtoonzlumw\y~

T

The E\\Ufenww.oqud'w does wof OovV\’ﬁd'dg e,WfPl e W\ﬂﬂﬂa\‘b &'\d& S“GM/
B bk, raduen o magnelic & penehroies o g veny small, yeb
&mkb &U?)‘)/\ ‘wside the matesadl QU/UU\DV\ 0 Lovdoy \?mwaﬁan &Lﬁh)

TeTe
2w Wefsnen -0 ()V\LGV\%Q‘(L eAfeck

T-cF

For & Poked amdudtor, 62 8 or Sintie T

£=0-
XE--98 » 2% _
N 60, 67 E 5% 2 9{"0

5> B %o tovgfant, buf v necenanily zero-




B C
@ (H codradidion fr & perfed
@ condundse (C stede nd fue same) -
T a swporonducko!, B =0 af
D

B
?

C %) ?o\v\f>
O
TypeL Type-J-
H, e
£-0 T’\ L\\ /mw e
. g-"o. | Tr,\ _I_7‘ E% Meisonen ol
Tele, telt, Tex, 2 (o)
=

T
(emcept N)y) (Tn fme Mdssnen dfafe, %5 o regulon 5.¢ with
the properkies Gome 0 Yype-1)-

Tn e mirted phase, Ma.ﬂﬂeﬁff S Btonde Wcﬁ{vg he makenial
die Yo Eormakion o vorfice'.

7:_' 50, the vortices are Po’mké- whohe ety
@ (J M wakeniag) sranks 1o voved bade to 1
O norma  6fote-

ﬁ@ ¥ J F;OL(JI\ vorTeam ondo6e oL \[\ﬂmt o\/m_o.vﬁ'wwj
b= o 20K T
b Qe

1,

Be, -
Nb;6e 397 2K The vorkices can form o \oltice (G§ twey
Nb,bn 2437 3K e v pinned &ownhj impwtiey) I

Vg BT ek e dbe best rmagek o gk )

| Le—\ﬁ QB(T=0) = 352 17,
@%// 7




{ootope effed (First sdication vk phonons are fnvolved. tn

TP Sqeendudie phenomend).
E =0-5 ug m_odpd :
Gy 1~
Cyw 7 2 T
N

o——-&
Vv

N = Vg ww/vnormaj e®
Ls bWOV\MVL S

7 T _ T



Now, (%) need "\’m,w/\wu‘\g be zonD wd hene b VO \ﬂn 5ol
W‘AM Wi @n. u&\—\&n Ahenwie.- H,owvlfvv Lovdlowt theory “dorced”
o) b e zow (the dus‘n&cahm for W5 will be, provided \uken)-

3‘?5;01 C/G?)-:D
%
> E=2, f«d‘f (125 London o),
AL
NOW/ ﬁﬂ@ = ";E’ﬁ
:? V)K(VXB) W (v){U‘ﬁ) L :
7) -8 . K 5 13
‘éy/m, VXGE)
e =
> VB -£8-0 S
W : VB - r‘lg_{-@::, 0
) ﬂ' can be &Vown, that - A (‘\af/
> - o Mig e o 10 02
de — 2. =0
- L
8= (80,0 %
g"(ﬂﬂp@
%Ezbb_— %Bw; : )j\\
- ~2/] _hT AT
= e n-[_
>58B =B : :
'z
N, =
J, r‘* Vg e

l,ovu)!oYL Ymaﬁon d\ef\‘n



Reason §or &FOFVIM c(0):"Rigidity ot The supenonduding stute

\009;\&5\\5‘6\;\/ <2Fl §IW> =0 (&or @ 535Twaj'ﬂrow7\cg\s\'u*‘e/>

My i :?<\I>— ey <’§(">¢ ‘\_(‘Ar\{ 1557
¥ e 5 7 :
Jye teid- 08
— A
4l L 3 "1
2 &{\‘?‘e’%
G\ = Y
= T T

Phose &'m.ﬁraxw &UY‘ wofen Thase &‘“ﬂm’m for fwﬂmagnej‘ievn

dG=-54T +N dP+ pdN

G=0-T5+7%V



Ao =dV-T §5-541 + P& +V dp
= 4Tdb —PdV/ + pdNy— T 45-54T+ 7 &V+V 4P
- -5 &TT\/C“)T V’dN

Rsswming no Sarge Tu numben o pandides, (4N =0)

de = —5 47 +\ dP
o = /2
o (g‘%i’/‘“ — 5%>T,N

Lot orden fromivion: G T conkinuous, it doriv. b G 15 diounti
M orden, TowgiYion = G s codinwow 161 dendvakive of G 15 alo
Lonfinuous |, \uk The 24 doivakive 3 dis cordinuews:

Fo‘f‘ Mﬂ.ﬁhbﬁD Mmald) .
U= (5,M)

=N 7.1 9V

T /66 , H = i

Q)= U-Te -V H-0

=}

There must be g free onergy adiontage for e pgetom 1o “condleme’
tdo The BW&wMV\% BYake -



di (’Ie. (-T; Ha) - é’s UIO)
AdD) - (5,10 W
> S&Gl = ‘S\t\f M. A,
0
He -
g >T = K;V («/HC/) .J’Hc
AR ;
\()‘b\) = 'kDH’bLV
o))

FOY‘ a n,O’f\YV\a.l, M@IAJ QNLT;HO)_GNU/O) ’:‘”0

He 16 i fhe range rfg mT, 50 amwming wakenia) 1o bo Paramﬂﬂe)ﬁo
Qre.mmmmﬂneﬁb ol eiah do nst g0 5 vperconduchive) , = 0-

> 2 Nere tnad W5 o 1sf ordon
= (’le (o) - &, 10) = _"5%1 Bm\—ﬁon, 50 G = G )
e, ngiden Nb, witt, T.-9W , H_-160kh m’i, B 0T
= CE= 165 k) S0 = 2 pV/afom.

The GL dneory 36 bulfr wpon o mere gemov) Jﬂqart’ a\ff becondl - orden e
Trounifions &Wdﬁrd by Londow: Ty his Theory, kondan Whreduced The
oneept of To desurioe The daonge n symmetry o
The 635\‘€JM’ Tor emample, wnsiden o Swromﬂﬁj\r\d— aoove The Curie Yomp-, it
has vio w\aﬂnd’f& momerd- Bud below The Cuurie '\'M') kly &?J\/dm?b a
Spontancod wagnetic wowmant: Ty Wi case, e wiaguekizakion W
beharas o oden pwamden for the bydfem-
5iwilanly, Sor supercondudters, GiL propesed qin order Wm”l, v,
d/wa(sz’mg '\'\'\Q/ EMPC?IOOY\&\L(}(QV\Q 5’\’;4#@ n {’Iqe, sUME anner 03 M &ogg
§or fhe Ferromagnelic oY okes




Te woln feakwner of GL tweary ane-

@ ’\S(_Y 0 ; T>71,
Lymso , T<T

® U showtd be o complor quanting , W=\¥| o9 [Tdex borrowed
Tro vedts 4 Gl fhiesry can be dertved foom ~ o SRS
B Teary,and_ W sudn a e, i twws od o W s e &emgﬁj
of Coopon ity (from B Theory)-

@ Free eneny o e supouonducor deyends smosdy on Y and 1%

®F wnbe e,mfayﬂe_& on pows & \Y\ stwee Y20 ak T

QWW”&“(@M r’vwe.'";aj e)n:ﬁﬂﬂe
enrgy &m = 50+ o0) [y 5 0 1|t

(D) & b ane Tomp. iq)ey\olv/(f Vhwmm\ogﬁcal Co gfanks-

b0  otheudse &50‘) Wi\ waf have a,mj wuqulwm, 5
1§ an>0 \mx'\"x@\ =

(1)< __aln)
- ol = ) T>T° Tl
Ph@rmmw\oﬂm%\g, we dekne-
<0 , >Te .
amn >0 , T1 '“(\'

1§ at)z0, W(N=0 %6 The minimwm &um@gj 60\W\’|on Wi is The pormal

srate, 031'@1 al- fo o) U, we %ek o Wi Sree enengy s6\Wkion wih Y+0
o a0<0: 2 a(0)=0 reprasents o {ransition sink; wad fhe Temp: gt whidn
a(0:=0 givas w the orificd Tempeading, T,-



Eq,?av\.&iV\ﬂ al1) % b newa T, Wing de\uv\‘s etpuntion-

@ = w{;»r (-t --- = a1
b(x)'-’r b(]p)‘f-'- = b

N b/ T VZ k|
\w\ :{(%3 (0%, T«Te (W ve \NdVﬂ’fy 6§ =T, ﬁflw'%)
0 , 710

5“‘)5’[‘\’0‘9{0 Yhe vodue 0’& W\ e the AP remion ‘éf &Toe, nevy -

° 2
§m-5,m= L 0w | » (ﬁggrj
b P

Ny

o a’L (10’13/
Lo
= f\“gﬂzj/gl Loovx&e}l\ga&’ion Q;,\quj) :

2 \1%: (%)Vzu 1) [nem Te)

Tne entropy penwitt volume | 580-5,(1) = %(&U%&y@) = “%l (0

At T, thee % vo &‘umyﬁmi’(j w The ex\i“m?\j oc \akenk ek, whidn
OO‘(‘\"QA?OY\AL Yo o gecond-orden Morumdunamic swate, Framition:

T'Lb ) T<e

50, the Vet padty Yoy a discontinuity o DOy =T, &b ¢t To- Note fk
While s dos oy agree with The, difference i erpomential 3 Unon
povtions of Cy dosewed empeimontally , st the emience o e
diswnkinuity validades {he eaistence d} prate Pranifion-



Fig. 4.4 Specific heat of a superconductor
near 7, in the GL model. Above 7, the spe-
cific heat is given by the Sommerfeld theory
of metals, Cy, = yT. At T, there is a
discontinuity and a change of slope.
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